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DESCENTS OF UNIPOTENT REPRESENTATIONS OF FINITE UNITARY
GROUPS
DONGWEN LIU AND ZHICHENG WANG
Abstract. Inspired by the Gan-Gross-Prasad conjecture and the descent problem for classical
groups, in this paper we study the descents of unipotent representations of unitary groups over
finite fields. We give the first descents of unipotent representations explicitly, which are unipotent
as well. Our results include both the Bessel case and Fourier-Jacobi case, which are related via
theta correspondence.
1. Introduction
In representation theory, a classical problem is to look for the spectral decomposition of a rep-
resentation π of a group G restricted to a subgroup H. Namely, one asks for which representation
σ of H has the property that
HomH(π, σ) 6= 0,
and what the dimension of this Hom-space is. In general such a restriction problem is hard and may
not have reasonable answers. However when G is a classical group defined over a local field and
π belongs to a generic Vogan L-packet, the local Gan-Gross-Prasad conjecture [GP1, GP2, GGP1]
provides explicit answers and is one of the most successful examples concerning with those general
questions. To be a little more precise, the multiplicity one property holds for this situation, namely
m(π, σ) := dimHomH(π, σ) ≤ 1,
and the invariants attached to π and σ that detect the multiplicity m(π, σ) is the local root number
associated to their Langlands parameters. In the p-adic case, the local Gan-Gross-Prasad conjecture
has been resolved by J.-L. Waldspurger and C. Mœglin and J.-L. Waldspurger [W1, W2, W3, MW]
for orthogonal groups, by R. Beuzart-Plessis [BP1, BP2] and W. T. Gan and A. Ichino [GI] for
unitary groups, and by H. Atobe [Ato] for symplectic-metaplectic groups. On the other hand, D.
Jiang and L. Zhang [JZ1] study the local descents for p-adic orthogonal groups, whose results can
be viewed as a refinement of the local Gan-Gross-Prasad conjecture, and the descent method has
important applications towards the global problem (see [JZ2]).
Motivated by the above works, in this paper which is the first one of a series, we will study the
descent problem for unipotent representations of finite unitary groups. To begin with, we first set
up some notations. Let Fq be an algebraic closure of a finite field Fq, which is of characteristic
p > 2. Let G = Un be an Fq-rational form of GLn(Fq), and F be the corresponding Frobenius
endomorphism, so that the group of Fq-rational points is GF = Un(Fq). Let Z be the center of GF .
We assume that q is large enough such that the main theorem in [S2] holds, namely assume that
• q is large enough such that TF/Z has at least two Weyl group orbits of regular characters,
for every F -stable maximal torus T of G.
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However, this assumption will be only necessary for the Fourier-Jacobi case of our main result,
which will be proven using theta correspondence. For an F -stable maximal torus T of G and a
character θ of TF , let RGT,θ be the virtual character of G
F defined by P. Deligne and G. Lusztig in
their seminal work [DL]. An irreducible representation π is called unipotent if there is an F -stable
maximal torus T of G such that π appears in RGT,1. For two representations π and π
′ of a finite
group H, define
〈π, π′〉H := dimHomH(π, π
′).
Let π and π′ be irreducible representations of Un(Fq) and Um(Fq) respectively, where n ≥ m.
The Gan-Gross-Prasad conjecture is concerned with the multiplicity
m(π, π′) := 〈π ⊗ ν¯, π′〉H(Fq) = dimHomH(Fq)(π ⊗ ν¯, π
′)
where the data (H, ν) is defined as in [GGP1, Theorem 15.1], and will be explained in details shortly.
According to whether n − m is odd or even, the above-Hom space is called the Bessel model or
Fourier-Jacobi model. In [GGP2, Proposition 5.3], W. T. Gan, B. H. Gross and D. Prasad showed
that if both π and π′ are cuspidal, then
m(π, π′) ≤ 1.
We should mention that our formulation of multiplicities differs slightly from that in the Gan-
Gross-Prasad conjecture [GGP1], up to taking the contragradient of π′. This is more suitable for
the purpose of descents, which will be clear from the discussion below. On the other hand, in this
paper we will restrict our attention to unipotent representations of Un(Fq), which are self-dual (see
Proposition 6.6) and thus for π unipotent the above Hom-space coincides with HomH(Fq)(π⊗π
′, ν).
Roughly speaking, for fixed Un(Fq) and its representation π, the descent problem seeks the
smallest member Um(Fq) among a Witt tower which has an irreducible representation π′ satisfying
m(π, π′) 6= 0, and all such π′ give the first descent of π. To give the precise notion of descent, let
us sketch the definition of the data (H, ν) following [GGP1] and [JZ1].
We first consider the Bessel model. Let Vn be an n-dimensional space over Fq2 with a nonde-
generate Hermitian form (, ), which defines the unitary group Un(Fq). Consider pairs of Hermitian
spaces Vn ⊃ Vn−2ℓ−1 and the following partitions of n,
(1.1) p
ℓ
= [2ℓ+ 1, 1n−2ℓ−1], 0 ≤ ℓ < n/2.
Assume that Vn has a decomposition
Vn = X + Vn−2ℓ +X
∨
where X +X∨ = V ⊥n−2ℓ is a polarization. Let {e1, . . . , eℓ} be a basis of X, {e
′
1, . . . , e
′
ℓ} be the dual
basis of X∨, and let Xi = SpanF
q2
{e1, . . . , ei}, i = 1, . . . , ℓ. Let P be the parabolic subgroup of Un
stabilizing the flag
X1 ⊂ · · · ⊂ Xℓ,
so that its Levi component is M ∼= ResF
q2/Fq
GLℓ1 × Un−2ℓ. Its unipotent radical can be written in
the form
Np
ℓ
=

n =

z y x0 In−2ℓ y′
0 0 z∗

 : z ∈ UGℓ

 ,
where the superscript ∗ means the conjugate transpose, and UGℓ is the subgroup of unipotent upper
triangular matrices of Gℓ := ResF
q2/Fq
GLℓ. Fix a nontrivial additive character ψFq2 of Fq2 . Pick
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up an anisotropic vector v0 ∈ Vn−2ℓ and define a generic character ψp
ℓ
,v0 of Np
ℓ
(Fq) by
ψp
ℓ
,v0(n) = ψFq2
(
ℓ−1∑
i=1
zi,i+1 + (yℓ, v0)
)
, n ∈ Np
ℓ
(Fq),
where yℓ is the last row of y. The stabilizer of ψp
ℓ
,v0 inM(Fq) is the unitary group of the orthogonal
complement of v0 in Vn−2ℓ, which will be identified with Un−2ℓ−1(Fq). Put
(1.2) H = Un−2ℓ−1 ⋉Np
ℓ
, ν = ψp
ℓ
,v0 .
For irreducible representations π and π′ of Un(Fq) and Un−2ℓ−1(Fq) respectively, the uniqueness of
Bessel models asserts that
m(π, π′) = dimHomH(Fq)(π ⊗ ν¯, π
′) ≤ 1.
This was proved over p-adic local fields in [AGRS], and for cupsidal representations over finite fields
in [GGP2]. It is clear that
HomH(Fq)(π ⊗ ν¯, π
′) ∼= HomUn−2ℓ−1(Fq)(Jℓ(π), π
′),
where Jℓ(π) is the twisted Jacquet module of π with respect to (Np
ℓ
(Fq), ψp
ℓ
,v0). We simply define
the notion of the ℓ-th Bessel quotient of π by
(1.3) QBℓ (π) := Jℓ(π),
viewed as a representation of Un−2ℓ−1(Fq). Define the first occurrence index ℓ0 := ℓB0 (π) of π in the
Bessel case to be the largest nonnegative integer ℓ0 < n/2 such that Q
B
ℓ0
(π) 6= 0. The ℓ0-th Bessel
descent of π is called the first Bessel descent of π or simply the Bessel descent of π, denoted
(1.4) DBℓ0(π) := Q
B
ℓ0(π).
We next turn to the Fourier-Jacobi case. In the sequel we keep all the previous notations in the
Bessel case, but view Vn as a skew-Hermitian space by abuse of notation, which gives the unitary
group Un(Fq) (up to isomorphism) as well. Consider pairs of skew-Hermitian spaces Vn ⊃ Vn−2ℓ
and partitions
(1.5) p′
ℓ
= [2ℓ, 1n−2ℓ], 0 ≤ ℓ ≤ n/2.
Note that if we let Pℓ be the parabolic subgroup of Un stabilizing Xℓ and let Nℓ be its unipotent
radical, then Np
ℓ
= UGℓ ⋉ Nℓ. Fix a nontrivial additive character ψ of Fq, and let ωψ be the
Weil representation (see [Ger]) of Un−2ℓ(Fq) ⋉ Hn−2ℓ, where Hn−2ℓ is the Heisenberg group of
Vn−2ℓ. Roughly speaking, there is a natural homomorphism Nℓ(Fq) → Hn−2ℓ invariant under
the conjugation action of UGℓ(Fq) on Nℓ(Fq), which enables us to view ωψ as a representation of
Un−2ℓ(Fq)⋉Np
ℓ
(Fq). Let ψℓ be the character of UGℓ(Fq) given by
ψℓ(z) = ψ ◦TrF
q2/Fq
(
ℓ−1∑
i=1
zi,i+1
)
, z ∈ UGℓ(Fq).
For the Fourier-Jacobi case, put
(1.6) H = Un−2ℓ ⋉Np
ℓ
, ν = ωψ ⊗ ψℓ.
For irreducible representations π and π′ of Un(Fq) and Un−2ℓ(Fq) respectively, the uniqueness of
Fourier-Jacobi models asserts that
m(π, π′) := HomH(Fq)(π ⊗ ν¯, π
′) ≤ 1.
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This was proved over p-adic local fields in [Su]. We observe that
HomH(Fq)(π ⊗ ν¯, π
′) ∼= HomUn−2ℓ(Fq)(J
′
ℓ (π ⊗ ω¯ψ), π
′),
where J ′ℓ (π⊗ ω¯) is the twisted Jacquet module of π⊗ ω¯ψ with respect to (Npℓ(Fq), ψℓ). Define the
ℓ-th Fourier-Jacobi quotient of π to be
(1.7) QFJℓ (π) := J
′
ℓ(π ⊗ ω¯),
viewed as a representation of Un−2ℓ(Fq). Define the first occurrence index ℓ0 := ℓFJ0 (π) of π in
the Fourier-Jacobi case to be the largest nonnegative integer ℓ0 ≤ n/2 such that QFJℓ0 (π) 6= 0.
The ℓ0-th Fourier-Jacobi descent of π is called the first Fourier-Jacobi descent of π or simply the
Fourier-Jacobi descent of π, denoted
(1.8) DFJℓ0 (π) := Q
FJ
ℓ0 (π).
Recall from [LS] that irreducible unipotent representations of Un(Fq) are parameterized by irre-
ducible representations of Sn. It is well-known that the latter are parameterized by partitions of
n. For a partition λ of n, denote by πλ the corresponding unipotent representation of Un(Fq). As
is standard, we realize partitions as Young diagrams. Then our main result is the following.
Theorem 1.1. Let λ be a partition of n into k rows, and λ′ be the partition of n − k obtained by
removing the first column of λ. Then the following hold.
(i) ℓB0 (πλ) ≤
k−1
2 , with equality hold if k is odd, in which case D
B
ℓ0
(πλ) = πλ′ .
(ii) ℓFJ0 (πλ) ≤
k
2 , with equality hold if k is even, in which case D
FJ
ℓ0
(πλ) = πλ′ .
Our result does not address the Bessel descent of πλ for k even, nor the Fourier-Jacobi descent
for k odd. However, it is sufficient for some further applications (e.g. towards the wavefront set,
cf. [JZ1, Conjecture 1.8]), noting that
k = max{2ℓB0 (πλ) + 1, 2ℓ
FJ
0 (πλ)}.
As a special case, recall that Un(Fq), n = k(k + 1)/2 are the only unitary groups that possess
unipotent cuspidal representations, and each of them has a unique unipotent cuspidal representation
πk, which corresponds to the partition [k, k − 1, . . . , 1]. Then we obtain the following immediate
consequence, which was communicated to us by L. Zhang.
Corollary 1.2. Let πk be the unique unipotent cuspidal representation of Un(Fq), n = k(k+1)/2.
Then the following hold.
(i) If k is odd, then ℓB0 (πk) =
k−1
2 and D
B
ℓ0
(πk) = πk−1.
(ii) If k is even, then ℓFJ0 (πk) =
k
2 and D
FJ
ℓ0
(πk) = πk−1.
We will prove the equivalent forms of Theorem 1.1 for the Bessel case and Fourier-Jacobi cases
in Theorem 5.1 and Theorem 6.7 respectively. Let us outline the strategy of the proof. First of all,
Proposition 5.2 and Proposition 6.5 show that parabolic induction preserves multiplicities, which
are finite field analogs of Theorem 15.1 and Theorem 16.1 in [GGP1] respectively for unipotent
representations. This reduces the calculation to the basic case. For Bessel models, in order to
compute the right hand side of the equality
m(π, π′) = 〈π ⊗ ν¯, π′〉H(Fq) = 〈I
Un+1
P (τ ⊗ π
′), π〉Un(Fq)
in Proposition 5.2, we first extend Reeder’s multiplicity formula in [R] for Deligne-Lusztig represen-
tations from connected simple algebraic groups to unitary groups. This is our main tool. However,
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explicit calculation with Reeder’s formula is still quite involved. It will be accomplished in Section
5, which is the most technical part of this paper. Following [GI, Ato], the Bessel case and Fourier-
Jacobi case of the Gan-Gross-Prasad conjecture are related via theta correspondence. By see-saw
arguments, we are able to resolve the descent problem for the latter from the former, using explicit
theta correspondence between unipotent representations given in [AMR].
A few remarks are in order.
• A further delicate application of theta correspondence actually resolves the Gan-Gross-
Prasad conjecture for unipotent representations of finite unitary groups. We have decided
to postpone this part to a subsequent paper due to its different flavor. In another paper we
will also study the Gan-Gross-Prasad conjecture and descent problem for unipotent cuspidal
representations of finite orthogonal and symplectic groups. Overall, theta correspondence
and Reeder’s formula will be our main tools.
• Using the method developed in [GRS], by composition of descents one should be able to
read the wavefront set of representations of finite classical groups (cf. [JZ1, Conjecture 1.8]
for the p-adic case). For unitary groups, the nilpotent orbits therein can be recovered from
the largest parts of p
ℓ
and p′
ℓ
given by (1.1) and (1.5) respectively at first occurrence indices
of the descents. For instance, the wavefront set of a unipotent representation πλ of Un(Fq)
is the singleton {λ}.
• In an ongoing joint work of the first named author with D. Jiang and L. Zhang, local de-
scents are established for classical groups over local fields (cf. [JLZ]). In the p-adic case
the spectral decomposition has not been fully understood yet. One ends up with a mul-
tiplicity free direct sum of square integrable representations whose Langlands parameters
are not completely explicit. On the other hand, supercuspidal representations are com-
pactly induced from certain cuspidal datum (see e.g. [Y]), which involve representations
of finite Lie groups. Our results should have applications towards explicit local descents of
supercuspidal representations.
We hope to address the above issues in our future works. This paper is organized as follows.
In Section 2 we recall the description of F -stable maximal tori, and introduce the map from the
set of GF -conjugacy classes of F -stable maximal tori of G to that of a subgroup of G which we
need in Reeder’s formula. In Section 3, we briefly recall the theory of Deligne-Lusztig characters.
In Section 4 we extend Reeder’s formula to the case that GF = Un(Fq). In Section 5 we compute
the multiplicities of Deligne-Lusztig representations of Un(Fq), and thereby prove the Bessel case
of our main theorem using the results in Section 4. In Section 6 we deduce the Fourier-Jacobi case
from the Bessel case using the standard method of theta correspondence and see-saw dual pair.
Acknowledgement. This paper was inspired by the first named author’s joint work with Dihua
Jiang and Lei Zhang on the local descent. He would like to thank the latter for suggesting the
descent problem over finite fields, and informing the result in the special case of unipotent cuspidal
representations. He also thanks Jiajun Ma for several helpful discussions about representation
theory of finite Lie groups.
2. Remarks on maximal tori
The aim of this section is to recall the map jGs used in the proof of Reeder’s multiplicity formula
[R]. Moreover we will calculate the map jGs for G = Un, and show that it is injective for certain
semisimple elements s ∈ GF of our concern.
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2.1. Construction of jGs . Let G be a connected reductive algebraic group over Fq, F be the
corresponding Frobenius endomorphism, and GF be the group of rational points. Let T be an
F -stable maximal torus in G. Denote its normalizer in G by NG(T ) and the Weyl group WG(T ) =
NG(T )/T . Then WG(T )
F = NG(T )
F /TF by the Lang-Steinberg theorem.
Recall the classification of F -stable maximal tori in G. Fix an F -stable maximal torus T0 in G
which is contained in an F -stable Borel subgroup of G, and for abbreviation write NG = NG(T0),
WG = WG(T0). For any F -stable maximal torus T , there is g ∈ G such that
gT = T0. Since T is
F -stable, we have gF (g−1) ∈ NG. If w is the image of gF (g
−1) in WG, then we denote T by Tw.
For a finite group A with an F -action, H1(F,A) denotes the set of F -conjugacy classes in A.
For a, b ∈ A, we say that a is F -conjugate to b if there is c ∈ A such that caF (c−1) = b. Let
[a] ∈ H1(F,A) denote the F -conjugacy class of an element a ∈ A.
If w := gF (g−1)T0 ∈ NG as above, then we obtain a class associate to T given by
cl(T,G) := [w] ∈ H1(F,WG).
It is easy to check that the F -conjugacy class of w is independent of the choice of g. Hence cl(T,G) is
well-defined. If two F -stable maximal tori T1 and T2 are G
F -conjugate, then cl(T1, G) = cl(T2, G).
Let s ∈ GF be semisimple, Ts be an F -stable maximal torus of Gs contained in an F -stable
Borel subgroup of Gs, and WGs be the Weyl group of Ts in Gs. Let Gs := CG(s)
◦ is the identity
component of the centralizer CG(s) of s in G. Then we have a natural map for the set of the G
F
s -
conjugacy classes of F -stable maximal tori of Gs to the set of the G
F -conjugacy classes of F -stable
maximal tori of G by sending a torus in Gs to the same torus in G. This induces a map
jGs : H
1(F,WGs)→ H
1(F,WG),
and it follows that
(2.1) cl(T,G) = jGs(cl(T,Gs)).
2.2. The map jGs for Un. In this subsection we assume that G = Un. We may choose the
hermitian form that defines the unitary group to be represented by the identity matrix, so that
Un(Fq) = {g ∈ GLn(Fq)|g ·
tg¯ = In},
where g¯ is obtained from raising matrix entries in g to the q-th power. Then the action of the
Frobenius endomorphism F is given by g 7→ tg¯−1. We shall calculate jGs explicitly in this case.
Take an F -stable maximal torus T0 of G that is contained in an F -stable Borel subgroup. In
the notation of the previous subsection, we have WG = WG(T0) ∼= Sn, and it is easy to check that
under this identification the action of F on WG is given by
F (w) = (w0ww0),
where w0 is the longest element in Sn. Note that w and w
′ are F -conjugate is equivalent to that
ww0 and w
′w0 are conjuate. In particular the F -conjugacy classes in WG are parametrized by
partitions of n.
Lemma 2.1. Assume that G = Un. Let s ∈ G
F be a semisimple element which is conjugate
to diag(s′, In−m), where s
′ is a regular semisimple element of Un−m(Fq) such that 1 is not an
eigenvalue of s′. Then the map jGs from H
1(F,WGs) to H
1(F,WG) is injective.
Proof. We have
Gs = T
′ ×Um,
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where T ′ is the centralizer of s′ in Un−m. It follows that the set H
1(F,WGs) is in bijection with
partitions of m. Suppose that T ′ corresponds to a partition λ of n−m. For a partition µ of m, let
Tµ be the F -stable maximal torus of Um corresponding to µ, and let T = T
′ × Tµ ⊂ Gs. Then
jGs(cl(T,Gs)) = [w[λ,µ]]
where [w[λ,µ]] is the F -conjugacy class in WG corresponding to the partition [λ, µ] of n. Hence
jGs(cl(T
′ × Tµ, Gs)) = jGs(cl(T
′ × Tµ′ , Gs)) ⇐⇒ µ = µ
′.

3. Deligne-Lusztig characters
Let G be a connected reductive algebraic group over Fq. In their celebrated paper [DL], P.
Deligne and G. Lusztig defined a virtual representation RGT,θ of G
F , associated to a character θ of
TF . The construction of Deligne-Lusztig characters makes use of the theory of ℓ-adic cohomology.
Here we only review some standard facts on these characters which will be used in this paper (cf.
[C, Chapter 7]).
If T is contained in an F -stable Borel subgroup B of G, then θ lifts to a character of BF and in
this case
RGT,θ = Ind
GF
BF θ.
In general, if y = su is the Jordan decomposition of an element y ∈ GF , then
(3.1) RGT,θ(y) =
1
|C0(s)F |
∑
g∈GF ,sg∈TF
θ(sg)Q
C0(s)
gT (u)
where C0(s) = C0G(s) is the connected component of the centralizer of s in G, and Q
C0(s)
gT (u) =
R
C0(s)
gT,1 (u) is the Green function of C
0(s) associated to gT .
For a semisimple element s ∈ GF , put
NG(s, T ) = {γ ∈ G : s
γ ∈ T}.
The group GFs acts on NG(s, T )
F by left multiplication, and we set
N¯G(s, T )
F := GFs \NG(s, T )
F .
By [R, Corollary 2.3], we have an explicit formula for |N¯G(s, T )
F |:
Lemma 3.1. Let ω ∈ H1(F,WG), and T be an F -stable maximal torus corresponding to ω. Then
the set NG(s, T )
F is nonempty if and only if the fiber j−1Gs (ω) is nonempty, in which case we have
|N¯G(s, T )
F | =
∑
ω′∈j−1
Gs
(ω)
|WG(T )
F |
|WGs(Tω′)
F |
,
where for each ω′ ∈ j−1Gs (ω), the torus Tω′ is an F -stable maximal torus corresponding to ω
′.
Thus, we may rewrite (3.1) as
RGT,θ(y) =
∑
γ¯∈N¯G(s,T )F
θ(sγ¯)QGsγT (u).
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In our future computations with RGT,θ in Reeder’s formula, it will be useful to let s vary in G
F in
such a way that Gs is unchanged. Let Z(Gs) denote the center of Gs. For ω
′ ∈ j−1Gs (ω), the function
θω′(z) :=
∑
γ¯∈Oω′
θ(zγ¯)
is well-defined on Z(Gs)
F , where Oω′ is the WG(T )
F -orbit in N¯G(s, T )
F corresponding to ω′ ∈
j−1Gs (ω) as in Lemma 3.1. Then we have
RGT,θ(zu) =
∑
ω′∈j−1
Gs
(ω)
θω′(z)Q
Gs
γT (u), if Gz = Gs.
More generally, for an F -stable Levi subgroup L which is not necessarily contained in an F -
stable parabolic subgroup, and a representation π of LF , one has the generalized Deligne-Lusztig
induction RGL (π). In particular, if L is contained in an F -stable parabolic subgroup P , then R
G
L (π)
coincides with the parabolic induction
(3.2) IGP (π) := Ind
GF
PF π.
For instance, recall that if L = T is contained in an F -stable Borel subgroup B, then
IGB (θ) = R
G
T,θ.
The following result is standard.
Proposition 3.2. Let Q ⊂ P be F -stable parabolic subgroups of G, and M ⊂ L be their Levi
subgroups respectively. Then
IGP ◦ I
L
L∩Q = I
G
Q .
An F -stable maximal torus T is said to be minisotropic if T is not contained in any F -stable
proper parabolic subgroup of G. Then a representation π of GF is cuspidal if and only if
〈π,RGT,θ〉GF = 0
whenever T is not minisotropic, for any character θ of TF (see [S1, Theorem 6.25]). Note that if
G = GLn, then T is minisotropic if and only if T
F ∼= GL1(Fqn).
Let θ ∈ TˆF , θ′ ∈ Tˆ ′
F
where T , T ′ are F -stable maximal tori. Two pairs (T, θ) and (T ′, θ′) are
said to be geometrically conjugate if for some n ≥ 1, there exists x ∈ GF
n
such that
xTF
n
= T ′F
n
and x(θ ◦N) = θ′ ◦N
where N is the norm map. An irreducible character of GF is called a regular character if it appears
in the Gelfand-Graev character (c.f. [C, p. 281]). By [C, p. 378], in any geometric conjugacy
class κ of the pairs (T, θ), there is only one regular character πregκ that appears in RGT,θ for some
(T, θ) ∈ κ; and any regular character only appears in one geometric conjugacy class. Moreover
πregκ =
∑
(T,θ)∈κ mod GF
εGεTR
G
T,θ
〈RGT,θ, R
G
T,θ〉GF
.
The above equation implies that πregκ appears in RGT,θ for each pair (T, θ) ∈ κ. Thus π
reg
κ is cuspidal
if and only if T is minisotropic and θ is regular for every pair (T, θ) ∈ κ. Here θ regular means that
xθ = θ, x ∈WG(T )
F if and only if x = 1.
In particular, if τ is an irreducible cuspidal representation of GLn(Fq), then there is a pair (T, θ)
with T an F -stable minisotropic maximal torus and θ regular such that τ = ±RGT,θ.
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We now review the classification of representations of Un(Fq). The classification of the represen-
tations of Un(Fq) was given by Lusztig and Srinivasan in [LS]. As in Subsection 2.2, for G = Un we
may and do identity WG with Sn, and we let Tw be the F -stable maximal torus of Un corresponding
to w ∈ Sn.
Theorem 3.3. Let σ be the character of an irreducible representation of Sn. Then
RUnσ :=
1
|Sn|
∑
w∈Sn
σ(ww0)R
Un
Tw ,1
is (up to sign) a unipotent representation of Un(Fq) and all unipotent representations of Un(Fq)
arise in this way.
By the above theorem, we know that every irreducible representation of Sn corresponds to
a unipotent representation of Un(Fq). It is well known that irreducible representations of Sn
are parametrized by partitions of n. For a partition λ of n, denote by σλ the corresponding
representation of Sn, and let R
Un
λ := R
Un
σλ
be the corresponding unipotent representation of Un(Fq).
By Lusztig’s result [L2], RUnλ is (up to sign) a unipotent cuspidal representation of Un(Fq) if and
only if n = k(k+1)2 for some positive integer k and λ = [k, k − 1, · · · , 1].
4. Reeder’s formula
As before, let G be a connected reductive algebraic group over Fq. Let H ⊂ G be a connected
reductive subgroup of G over Fq, and S be an F -stable maximal torus of H. Let B and BH be
Borel subgroups of G and H, respectively, and let δ be the minimum codimension of a BH -orbit in
G/B.
In [R], Reeder gives a formula for the multiplicity 〈RGT,θ, R
H
S,θ′〉HF when G and H are simple.
More precisely, by [R, Theorem 1.4] there is a polynomialM(t) of degree at most δ whose coefficients
depend on the characters θ and θ′ of TF and SF respectively, and an integer m ≥ 1 such that
〈RGT,θν , R
H
S,θ′ν 〉HFν =M(q
ν)
for all positive integers ν ≡ 1 mod m, where θν = θ ◦NTν with N
T
ν : T
F ν → TF the norm map. And
the degree δ is optimal. Moreover, [R, Proposition 7.4] gives an explicit formula for the leading
coefficient in M(t), which we denote by A below.
In order to calculate 〈I
Un+1
P (τ ⊗ π
′), πλ〉Un(Fq) using Reeder’s method, it is necessary to extend
his result from connected simple algebraic groups to unitary groups. In particular, we will show
that degM(t) = 0, hence 〈I
Un+1
P (τ ⊗π
′), πλ〉Un(Fq) = A. In this case, the explicit formula for A will
be given in Proposition 4.4.
In the sequel, we will first recall some results in [R, Sections 3-5] without proof, which do not
require that G is simple. Then we extend [R, Sections 6-7] to the case of Un.
4.1. A partition of S. We first recall the notations in [R]. Let I(S) be an index set for the
following set of subgroups of G,
{Gs : s ∈ S}
where Gs := CG(s)
◦. Note that if G = Un, then I(S) is finite. For ι ∈ I(S), denote by Gι be the
corresponding connected centralizer, and put
Sι := {s ∈ S : Gs = Gι}.
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The F -action on S induces a permutation of I(S), and let I(S)F be the F -fixed points in I(S).
Note that if SFι is nonempty, then ι ∈ I(S)
F .
For ι ∈ I(S), set
Hι := (H ∩Gι)
◦.
We observe that if Gs = Gι, then
s ∈ Hι ⊂ Gι.
Put Zι := Z(Gι) ∩ S. Then it is easy to check that
Zι ⊂ Z(Hι),
Sι ⊂ Zι ⊂ S,
Gι = CG(Zι)
◦.
Define a partial ordering on I(S) by
ι′ ≤ ι ⇐⇒ Gι ⊂ Gι′ ⇐⇒ Zι′ ⊂ Zι,
and set
I(ι, S) := {ι ∈ I(S) : ι′ < ι}.
For a subset J ⊂ I(S), put
ZJ :=
⋂
ι∈J
Zι.
4.2. Multiplicity as a polynomial. Let fJ(t) be the polynomial of degree dimZJ in [R, Section
5.6]. Let QGιv,u(t) and Q
Hι
ς,u(t) be the Green polynomials in [R, Section 5.4] and Pι,u(t) be the
polynomial given by [R, (5.11)]. Then we have
detPι,u(t) = dimCHι(u), deg fι(t) = dimZι.
We set
(4.1) χv :=
1
|WGι(T )
F |
∑
x∈WG(T )
(xχ)|Zι and ης :=
1
|WHι(S)
F |
∑
y∈WH (S)
(yη)|Zι .
Denote the set of unipotent elements of Hι by U(Hι). Let α denote a quadruple (ι, u, v, ς), where
(4.2) ι ∈ I(S)F , [u] ∈ U(Hι)
F , v ∈ j−1Gι (cl(T,G)), ς ∈ j
−1
Hι
(cl(S,H)).
Let Θα(t) be the rational function given by
(4.3) Θα(t) := 〈χv, ης〉ZFι +
∑
J⊂I(ι,S)F
(−1)|J |〈χv, ης〉ZF
J
fJ(t)
fι(t)
,
and Ψα(t) be the rational function given by
(4.4) Ψα(t) := fι(t) ·
QGιv,u(t)QHις,u(t)
|N¯H(ι, S)F ||Pι,u(t)|
.
The following result is given by [R, (5.18)]:
〈RGT,χ, R
H
S,η〉HF =
∑
α
Ψα(q)Θα(q),
where α runs over the quadruples (ι, u, v, ς) given by (4.2).
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4.3. Degree of Ψα(t). From now on, assume that
(4.5) (G,H) = (Un+1,Un).
Let u be a unipotent element given by (4.2). Let BG be the variety of Borel subgroups of G, and
let BuG be the variety of fixed points of u. Set
dG(u) := dimB
u
G.
Steinberg proved that
2dG(u) = dimCG(u)− rk G,
where rk G is the absolute rank of G.
From Section 5.4 and equation (5.9) in [R], we find that
degΨα(t) ≤ dimZι + dGι(u) + dHι(u)− dimCHι(u)(4.6)
= dimZι +
1
2
(dimCGι(u)− dimCHι(u)− r¯k G− r¯k H).
Define
δι : = dimZι + dimBGι − dimBHι − dimS
= dimZι +
1
2
(dimCG′ι(1)− dimCH′ι(1)− rk G− rk H).
Lemma 4.1. Assume (4.5). Then for a quadruple α = (ι, u, v, ς) given by (4.2), one has degΨα(t) ≤
δι with equality hold only if u = 1.
Proof. By [R, (6.3)], for a simple group G′ we have
(4.7) dimCG′ι(u)− dimCH′ι(u) ≤ dimCG′ι(1) − dimCH′ι(1).
Since SUn+1 is simple, it follows that
dimCUn+1,ι(u)− dimCUn,ι(u)(4.8)
=dimCSUn+1,ι(u) + 1− (dimCSUn,ι(u) + 1)
=dimCSUn+1,ι(u)− dimCSUn,ι(u)
≤ dimCSUn+1,ι(1) − dimCSUn,ι(1)
=dimCUn+1,ι(1)− dimCUn,ι(1).
Thus (4.7) also holds for (Un+1,Un). Then the desired inequality follows from (4.6). Since equality
holds in (4.6) for (SUn+1,SUn) if and only if u = 1 (see [R, lemma 6.4]), it follows easily that
equality holds in (4.7) for (Un+1,Un) if and only if u = 1 as well. 
We further have:
Lemma 4.2. Assume (4.5). Then degΨα(t) ≤ 0, with equality hold only if u = 1 and there is
s ∈ Sι conjugate to diag(s
′, Im), where s
′ is a regular semisimple element of Un−m(Fq) such that 1
is not an eigenvalue of s′.
Proof. For a fixed ι, let s ∈ Sι be a semisimple element in H
F . Assume that s has r distinct
eigenvalues which are not equal to 1. Let m be the multiplicity of the eigenvalue 1 of s. Then
s conjugate to diag(s′, Im), where s
′ is a semisimple element of Un−m(Fq) such that 1 is not an
eigenvalue of s′. Thus, Gs and Hs are isomorphic to CUn−m(s
′) × Um+1 and CUn−m(s
′) × Um
respectively. It follows that
dimBGι − dimBHι = dimBUm+1 − dimBUm = m.
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We obtain that δι = dimZι − n+m ≤ 0, with equality hold only if r = n−m. In other words,
δι = 0 if and only if s
′ is a regular semisimple element of Un−m(Fq) such that 1 is not an eigenvalue
of s′. 
4.4. The leading term of Θα(q). We have known that degΘα(t) ≤ 0 (see [R, (5.17)]). We now
show that in fact there is only one term in Θα(q) of degree zero.
Lemma 4.3. Assume (4.5), ι′ < ι and that δι = 0. Then dimZι′ < dimZι.
Proof. Let s′ ∈ Sι′ . Let n1, . . . , nr be the multiplicities of distinct eigenvalues of s
′ which are not
equal to 1, and m be the multiplicity of the eigenvalue 1, so that n1 + · · · + nr +m = n. Then
dimZι′ = dimZ(Gι′) ∩ S = r.
Since ι′ < ι, we have Gι ⊂ Gι′ . Thus, s ∈ Sι is a semisimple element of Gι′ . Since δι = 0, by
Lemma 4.2, s is conjugate to diag(s′, Im), where s
′ is a regular semisimple element of Un−m(Fq)
such that 1 is not an eigenvalue of s′. It follows that Gs ∼= T × Un+1−m and dimZι = n−m ≥ r,
where T is an F -stable maximal torus of Un−m. It is easy to check that dimZι = r if and only if
ni = 1, i = 1, . . . , r. However in this case ι = ι
′. 
Recall that fJ(t) is a polynomial of degree dimZJ . The above lemma implies that deg fJ(t) <
deg fι(t). Recall the formula (4.3)
Θα(t) = 〈χv , ης〉ZFι +
∑
J⊂I(ι,S)F
(−1)|J |〈χv, ης〉ZF
J
fJ(t)
fι(t)
.
Then the only degree zero term of Θα(q) is 〈χv, ης〉ZFι .
4.5. The leading term of M(t). We shall find an explicit and effective formula of M(t). Recall
that
〈RGT,χ, R
H
S,η〉HF =
∑
α
Ψα(q)Θα(q).
Assuming (4.5), we have known that degΨα(t) ≤ 0 and degΘα(t) ≤ 0. So the polynomial M(t) is
a constant, which equals the coefficient of the leading term of
∑
αΨα(t)Θα(t).
We now calculate M(t) by the definitions of Ψα(t) and Θα(t) in (4.3) and (4.4) respectively. By
Lemmas 4.1 and Lemma 4.2, only quadruples α with u = 1 and δι = 0 contribute to the leading
term; henceforth we assume that α is of this form. If we take u = 1, then by [R, (5.10)],
QGιv,1(t) = ǫG(v)t
dG(1) + lower powers of t,
where ǫG(v) = (−1)
rk(G)+rk(Tv). From [R, Section 5.5], we know that Pι,u(t) is of the form Aι(u)
times a monic polynomial in Z[t], where Aι(u) is the centralizers in Hι of all unipotent elements
u ∈ HFι for every ι ∈ I(S)
F . By [R, Section 5.6], for any subset J ⊂ I(S),
fJ(q
ν) = |ZF
ν
J |, for all ν ≡ 1 mod m,
where m is a positive integer divisible by the exponent of the finite group WG ⋊ 〈ϑ〉. Here the
actions of ϑ as automorphisms on the set of roots Φ(T0, G) as well as WG, are induced by F .
As a power series in t, the leading coefficient of Ψα(t) is
(−1)rk(Gι)+rk(Hι)+rk(T )+rk(S)
|N¯H(ι, S)F |
,
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and the leading coefficient of Θα(t) is
〈χv, ης〉ZFι .
Note that by our selection of ι ∈ I(S)F , we always have j−1Hι (cl(S,H)) 6= ∅. Thus combining the
above calculations and Lemma 2.1, we obtain that
Proposition 4.4. Assume (4.5). Then
〈RGT,χ, R
H
S,η〉HF =
∑
ι ∈ I(S)F , δι = 0
j
−1
Gι
(cl(T,G)) 6= ∅
(−1)rk(Gι)+rk(Hι)+rk(T )+rk(S)
|N¯H(ι, S)F |
〈χv, ης〉ZFι ,
where v ∈ j−1Gι (cl(T,G)) and ς ∈ j
−1
Hι
(cl(S,H)).
4.6. Calculation of 〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq). Since every unipotent representation of H
F is a sum
of Deligne-Lusztig characters RHS,1, we only need to manipulate Reeder’s formula for
〈RGT,θT , R
H
S,1〉H(Fq).
A pair (T, θT ) for Un+1 corresponds to a pair (T
∗, s), where T ∗ is an F -stable maximal torus of
the dual group U∗n+1
∼= Un+1, and s ∈ T
∗F . We say that 1 6∈ (T, θT ) if 1 is not an eigenvalue of s.
Note that every pair (T, θT ) is of the form (T1 × T2, θ ⊗ 1) such that 1 /∈ (T1, θ). We now turn to
compute
〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq).
Thus we let T = T1 × T2 be an F -stable maximal torus of Un+1, and θ ⊗ 1 be a character of
TF1 × T
F
2 with 1 /∈ (T1, θ). By Proposition 4.4, for any F -stable maximal torus S of H,
(4.9) 〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq) =
∑
ι ∈ I(S)F , δι = 0
j
−1
Gι
(cl(T, G)) 6= ∅
(−1)rk(Gι)+rk(Hι)+rk(T )+rk(S)
|N¯H(ι, S)F |
〈(θ ⊗ 1)v , 1ς〉ZFι
where v ∈ j−1Gι (cl(T1 × T2, G)) and ς ∈ j
−1
Hι
(cl(S,H)).
We now calculate the pairing 〈(θ ⊗ 1)v , 1ς〉ZFι . We may conjugate T1 × T2 and S to ensure that
Zι ⊂ (T1 × T2) ∩ S. Then by (4.1),
(θ ⊗ 1)v =
1
|WGι(T1 × T2)
F |
∑
x∈WG(T1×T2)F
x(θ ⊗ 1)|Zι ,
1ς =
1
|WHι(S)
F |
∑
y∈WH(S)F
(y1)|Zι =
|WH(S)
F |
|WHι(S)
F |
· 1.
Recall Lemma 3.1 that |N¯H(ι, S)
F | =
|WH(S)
F |
|WHι(S)
F |
. Rewrite (4.9) as
〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq) =
∑
ι ∈ I(S)F , δι = 0
j
−1
Gι
(cl(T, G)) 6= ∅
(−1)rk(Gι)+rk(Hι)+rk(T )+rk(S)
|N¯H(ι, S)F |
〈(θ ⊗ 1)v , 1ς〉ZFι(4.10)
=
∑
ι ∈ I(S)F , δι = 0
j
−1
Gι
(cl(T, G)) 6= ∅
(−1)rk(Gι)+rk(Hι)+rk(T )+rk(S)
|WT1×T2,θ⊗1,ι|
|WGι(T1 × T2)
F |
,
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where
(4.11) WT1×T2,θ⊗1,ι := {x ∈WG(T1 × T2)
F : x(θ ⊗ 1)|ZFι = 1}.
It is easy to check that if GFι1 and G
F
ι2 are in the same H
F -conjugacy class, then we have
δι1 = δι2 ,
(−1)rk(Gι1 )+rk(Hι1 )
|WT1×T2,θ⊗1,ι1 |
|WGι1 (T1 × T2)
F |
= (−1)rk(Gι2 )+rk(Hι2 )
|WT1×T2,θ⊗1,ι2 |
|WGι2 (T1 × T2)
F |
,
j−1Gι1
(cl(T,G)) 6= ∅ ⇐⇒ j−1Gι2
(cl(T,G)) 6= ∅ for any T.
This means that the properties of ι involved in the sum of (4.10) do not change when GFι varies
over a HF -conjugacy class.
We now calculate the conjugacy classes of GFι . For two elements ι1, ι2 ∈ I(S)
F , we say that
ι1 ∼ ι2 if G
F
ι1 and G
F
ι2 are in the same H
F -conjugacy class. Denote the equivalence class of ι by [ι].
Let [I(S)F ] be the set of equivalence classes in I(S)F .
Let us denote a typical summand in (4.10) by Xι. Then (4.10) can be rewritten as∑
ι ∈ I(S)F , δι = 0
j
−1
Gι
(cl(T, G)) 6= ∅
Xι =
∑
[ι] ∈ [I(S)F ], δι = 0
j
−1
Gι
(cl(T,G)) 6= ∅
#[ι] ·Xι.
For two partition λ and λ′ of n and n′, respectively, we say that λ′ ⊂ λ if {λ′i} ⊂ {λi} and λ
′ * λ
otherwise. Here {λ′i} ⊂ {λi} means the containment of multisets of integers.
Let µS be a partition of n corresponding to S. Recall Lemma 4.2 that if δι = 0, then there is
s ∈ Sι conjugate to diag(s
′, Im), where s
′ is a regular semisimple element of Un−m(Fq) such that 1
is not an eigenvalue of s′. In this case
(4.12) Gι ∼= Gs ∼= T
′ ×Um,
where T ′ is the centralizer of s′ in Un−m. Hence the set
{[ι] ∈ [I(S)F ] : δι = 0}
is parameterized by pairs (m,µι), where m ≤ n is a nonnegative integer and µι ⊂ µS is a partition
of n −m corresponding to T ′. For a partition µ′, if δι = 0 and µ
ι = µ′ then we will denote [ι] by
[ιµ′ ].
Note that only the terms satisfying j−1Gι (cl(T1 × T2, G)) 6= ∅ contribute to (4.9). The following
lemma gives an explicit description of these terms, which follows from Lemma 2.1 and (2.1).
Lemma 4.5. Assume that [ι] ∈ [I(S)F ], δι = 0. Let T be an F -stable maximal torus of G which
corresponds to a partition µ of n+ 1. Then j−1Gι (cl(T,G)) 6= ∅ if and only if µ
ι ⊂ µ.
From this lemma we obtain that
(4.13)
〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq) =
∑
[ι] ∈ [I(S)F ], δι = 0
j
−1
Gι
(cl(T1 × T2, G)) 6= ∅
#[ι] ·Xι =
∑
[ι] ∈ [I(S)F ], δι = 0
µι ⊂ µ
#[ι] ·Xι
=
∑
µ′ ⊂ µ
µ′ ⊂ µS
#[ιµ′ ] ·Xιµ′
DESCENTS OF UNIPOTENT REPRESENTATIONS OF FINITE UNITARY GROUPS 15
We now calculate #[ιµ′ ]. Let λ and λ
′ are two partitions and λ′ ⊂ λ. Let us write
(4.14) λ = [na11 , . . . , n
al
l ] and λ
′ = [nb11 , . . . , n
bl
l ],
where ni’s are distinct so that 0 ≤ bi ≤ ai, i = 1, . . . , l. We set
(4.15) Cλ,λ′ =
l∏
i=1
(
ai
bi
)
.
For example, C[2,12],[2,1] = 2. Note that if ι ∼ ι
′, then µι = µι
′
. It follows that
(4.16) #[ιµ′ ] = CµS ,µ′ .
For two partitions µ1 and µ2, denote by µ = [µ1, µ2] the unordered partition of |µ1|+ |µ2| formed
by taking unions of the parts in µ1 and µ2. We say that an F -stable maximal torus of Un+1 of the
form T = T1 × T2 corresponds to a partition µ = [µ
1, µ2] of n+ 1, where |µ1|+ |µ2| = n + 1, if Ti
is an F -stable maximal torus of U|µi| corresponding to the partition µ
i, i = 1, 2. Then by Lemma
4.5, (4.13) and (4.16), we have
Proposition 4.6. Let T = T1 × T2 be an F-stable maximal torus of Un+1 corresponding to a
partition µ = [µ1, µ2] of n+1, and θ⊗ 1 be a character of TF1 × T
F
2 . Let S be an F-stable maximal
torus of Un corresponding to a partition µ
S of n. Assume that 1 /∈ (T1, θ). Then
(4.17) 〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq) =
∑
µ′ ⊂ µ2
µ′ ⊂ µS
CµS ,µ′ ·Xιµ′
where
Xιµ′ = (−1)
rk(Gι
µ′
)+rk(Hι
µ′
)+rk(T )+rk(S) |WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
,
with WT1×T2,θ⊗1,ιµ′ given by (4.11).
Proof. By (4.13), we have
〈RGT1×T2,θ⊗1, R
H
S,1〉H(Fq) =
∑
µ′ ⊂ µ
µ′ ⊂ µS
#[ιµ′ ] ·Xιµ′ .
Note that |WT1×T2,θ⊗1,ιµ′ | = 0 if µ
′ 6⊂ µ2. 
5. Branching laws for Un(Fq)
In this section we study the branching of unipotent representations of finite unitary groups. We
will prove the following result, which is the Bessel case of Theorem 1.1.
Theorem 5.1. Assume that n > m and n−m is odd. Let λ be a partition of n into k rows, and
λ′ be the partition of n − k obtained by removing the first column of λ. Let π′ be an irreducible
representation of Um(Fq). Then the following hold.
(i) If m < n− k, then
m(πλ, π
′) = 0.
(ii) If k is odd and m = n− k, then
m(πλ, π
′) =
{
1, if π′ ∼= πλ′ ,
0, otherwise.
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5.1. Basic case. In this subsection we first show that parabolic induction preserves multiplicities,
and thereby make a reduction to the basic case. Then we explore Reeder’s multiplicity formula in
details in this case. Put
(5.1) Gℓ := ResF
q2/Fq
GLℓ,
so that Gℓ(Fq) = GLℓ(Fq2). Let P be an F -stable maximal parabolic subgroup of Un+1 with Levi
factor Gℓ×Um (so that n+1 = m+2ℓ), and τ be an irreducible cuspidal representation of GLℓ(Fq2).
From [GGP2, Proposition 5.3], we know that parabolic induction preserves multiplicities between
cuspidal representations, namely,
〈π ⊗ ν¯, π′〉H(Fq) = 〈I
Un+1
P (τ ⊗ π
′), π〉Un(Fq)
for cuspidal representations π and π′ of Un(Fq) and Um(Fq) respectively. In the same manner, we
have the following analog when π is unipotent, which reduces the calculation to the basic case.
Proposition 5.2. Let π be an irreducible unipotent representation of Un(Fq), and π′ be an irre-
ducible representation of Um(Fq) with n > m but m 6≡ n mod 2. Let P be an F -stable maximal
parabolic subgroup of Un+1 with Levi factor Gℓ×Um (so that m+2ℓ = n+1), and τ be an irreducible
cuspidal representation of Gℓ(Fq) which is nontrivial if ℓ = 1. Then we have
m(π, π′) = 〈π ⊗ ν¯, π′〉H(Fq) = 〈I
Un+1
P (τ ⊗ π
′), π〉Un(Fq),
where the data (H, ν) is given by (1.2).
Proof. It can be proved in the same way as [GGP1, Theorem 15.1]. The cuspidality assumption of
π in [GGP2, Proposition 5.3] was used to obtain the following statement: for an F -stable maximal
parabolic subgroup P ′ of Un with Levi factor Gℓ ×Um−1,
〈IUnP ′
(
τ ⊗ (π′|Um−1(Fq))
)
, π〉Un(Fq) = 0.
Since in our case π is unipotent, this multiplicity is nonzero only if τ and π′|Um−1(Fq) are both
unipotent. It is well known that Gℓ(Fq), ℓ > 1 has no unipotent cuspidal representations. By the
assumption on τ , it is not unipotent. Therefore the above multiplicity is zero. The rest of the proof
is the same as that of [GGP1, Theorem 15.1]. 
This result shows that to calculate 〈πλ ⊗ ν¯, π
′〉H(Fq), we only need to calculate 〈I
Un+1
P (τ ⊗
π′),±RUnλ 〉Un(Fq) (cf. Theorem 3.3). Since every representation of Un+1 is a sum of Deligne-Lusztig
characters, we now compute
(5.2) 〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq) =
1
|Sn|
∑
w∈Sn
σλ(ww0)〈R
Un+1
T1×T2,θ⊗1
, RUnTw,1〉Un(Fq),
where T1 is an F -stable minisotropic maximal torus of Gℓ, T2 is an F -stable maximal torus of Um,
and θ is a regular character of TF1 .
Proposition 5.3. Let T = T1 × T2 be an F -stable maximal torus of Un+1 corresponding to a
partition µ = [µ1, µ2] of n+ 1. Assume that 1 /∈ (T1, θ) and λ is a partition of n. Then
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq) =
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)n−|µ
′|
|WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
×
∑
µ∗
∑
w ∈ Sn
w ∼ [µ′, µ∗]
σλ(w)sgn(w)C[µ′,µ∗],µ′
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where µ∗ runs over the partitions of n − |µ′| and w ∼ [µ′, µ∗] means that w corresponds to the
partition [µ′, µ∗].
This proposition gives a combinatorial formula in terms of the binomial coefficients (4.15), var-
ious partitions and Weyl group orders, which roughly asserts that to evaluate the multiplicity
〈R
Un+1
T,θT
, RUnλ 〉Un(Fq), one may separate the unipotent and non-unipotent parts in θT . It is a general
result and in particular we do not assume that T = T1 × T2 is contained in an F -stable parabolic
subgroup. We will see in Proposition 5.5 below that for most µ2 satisfying |µ2| ≤ n − k, where k
is the number of rows in λ, one has∑
µ∗
∑
w ∈ Sn
w ∼ [µ′, µ∗]
σλ(w)sgn(w)C[µ′,µ∗],µ′ = 0.
Hence in these cases from Proposition 5.3 it follows that
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq) = 0.
The combinatorial computation using the result in the nonvanishing case, combined with Proposi-
tion 5.2, will eventually yield exactly the expected multiplicity in Proposition 5.6.
Proof. Let µw denote the partition of n corresponding to Tw. By Proposition 4.6, we have
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq)
=
1
|Sn|
∑
w∈Sn
σλ(ww0)〈R
Un+1
T1×T2,θ⊗1
, RUnTw ,1〉Un(Fq)
=
1
|Sn|
∑
w∈Sn
σλ(ww0)
∑
µ′ ⊂ µ2
µ′ ⊂ µw
(−1)
rk(Gι
µ′
)+rk(Hι
µ′
)+rk(T )+rk(Tw)Cµw ,µ′
|WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
=
1
|Sn|
∑
µ′⊂µ2
∑
w ∈ Sn
µw ⊃ µ′
σλ(ww0)(−1)
rk(Gι
µ′
)+rk(Hι
µ′
)+rk(T )+rk(Tw)Cµw ,µ′
|WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
=
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)
rk(Gι
µ′
)+rk(Hι
µ′
) |WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
∑
w ∈ Sn
µw ⊃ µ′
σλ(ww0)(−1)
rk(Tw)Cµw,µ′
=
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)
rk(Gι
µ′
)+rk(Hι
µ′
) |WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
∑
w ∈ Sn
µw ⊃ µ′
σλ(ww0)sgn(ww0)Cµw ,µ′ .
By Lemma 4.5, (4.12) and using the fact that
rk(Un)− rk(Un−1) =
{
0, if n is odd,
1, if n is even,
we deduce that
(−1)
rk(Gι
µ′
)+rk(Hι
µ′
)
= (−1)n−|µ
′|
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Then
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)
rk(Gι
µ′
)+rk(Hι
µ′
) |WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
∑
w ∈ Sn
µw ⊃ µ′
σλ(ww0)sgn(ww0)Cµw,µ′
=
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)n−|µ
′|
|WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
∑
w ∈ Sn
µw ⊃ µ′
σλ(ww0)sgn(ww0)Cµw ,µ′
=
(−1)rk(T )
|Sn|
∑
µ′⊂µ2
(−1)n−|µ
′|
|WT1×T2,θ⊗1,ιµ′ |
|WGι
µ′
(T1 × T2)F |
∑
µ∗
∑
w ∈ Sn
w ∼ [µ′, µ∗]
σλ(w)sgn(w)C[µ′,µ∗],µ′
where µ∗ runs over the partitions of n − |µ′|, and w ∼ [µ′, µ∗] means that w corresponds to the
partition [µ′, µ∗]. 
5.2. Proof of Theorem 5.1. We keep the notations T1, T2 and µ = [µ
1, µ2] in Proposition 5.3.
For a fixed µ′ ⊂ µ2, let Tµ′ be the F -stable maximal torus of U|µ′| corresponding to the partition
µ′. To ease notations, below we write Wn(T ) for WUn(T ). Then
(5.3) |WT1×T2,θ⊗1,ιµ′ | = Cµ2,µ′ |W|µ′|(Tµ′)
F | · |WGι
µ′
(T1 × T2)
F |.
In particular, if µ′ = µ2, then
(5.4) |WT1×T2,θ⊗1,ιµ2 | = |W|µ2|(T2)
F | · |Wn+1−|µ2|(T1)
F |.
By the Littlewood-Richardson rule, we have the following result.
Lemma 5.4. Let λ = [λ1, . . . , λℓ] be a partition of n. If m > λ1, then
〈σλ, 1〉Sm = 0.
Let λ′ = [λ2, . . . , λℓ] be the partition of n− λ1 obtained by removing the first row of λ, and σ be an
irreducible representation of Sn−λ1. Then
〈σλ, σ ⊗ 1〉Sn−λ1×Sλ1 =
{
1, if σ = σλ′ ,
0, otherwise.
In particular,
〈σλ, 1〉Sλ1 = 1.
Proof. It can be proved in the same way as [AM, Proposition 3.4]. It should be mentioned that
our notation of the representation of σλ differs from that of [AM], where the representation σλ in
[AM] is equal to σtλ in our paper. 
Now we can explicitly calculate the multiplicity formula for 〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq).
Proposition 5.5. Keep the notations and assumptions in Proposition 5.3. Let λ be a partition of
n into k rows, and λ′ be the partition of n − k obtained by removing the first column of λ. Then
the following hold.
(i) If |µ′| < n− k, then ∑
µ∗
∑
w ∈ Sn
w ∼ [µ′, µ∗]
σλ(w)sgn(w)C[µ′,µ∗],µ′ = 0.
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(ii) If |µ2| = n− k, then
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq) = (−1)
rk(T )+kσtλ′(wµ2),
where wµ2 is an element in Sm corresponding to the partition µ
2.
Proof. Denote by [w] the conjugacy class of a element w of Sn. We have that∑
µ∗
∑
w ∈ Sn
w ∼ [µ′, µ∗]
σλ(w)sgn(w)C[µ′,µ∗],µ′
=
∑
µ∗
#[w[µ′,µ∗]]C[µ′,µ∗],µ′σtλ(w[µ′,µ∗])
=
∑
µ∗
C[µ′,µ∗],µ′ ·
|Sn|
|Wn(T[µ′,µ∗])F |
σtλ(w[µ′,µ∗])
=
∑
µ∗
C[µ′,µ∗],µ′ ·
|Sn|
C[µ′,µ∗],µ′ · |W|µ′|(Tµ′)F | · |W|µ∗|(Tµ∗)F |
σtλ(w[µ′,µ∗])
=
|Sn|
|W|µ′|(Tµ′)F | · |Sn−|µ′||
∑
µ∗
|Sn−|µ′||
|W|µ∗|(Tµ∗)F |
σtλ(w[µ′,µ∗])
=
|Sn|
|W|µ′|(Tµ′)F | · |Sn−|µ′||
∑
µ∗
|Sn−|µ′||
|W|µ∗|(Tµ∗)F |
σtλ((wµ′ , wµ∗))
=
|Sn|
|W|µ′|(Tµ′)F | · |Sn−|µ′||
∑
w ∈ Sn−|µ′|
σtλ((wµ′ , w)),
noting that (wµ′ , wµ∗) ∈ S|µ′| × Sn−|µ′| ⊂ Sn in the second last equation above. Applying Lemma
5.4, one deduces that∑
w ∈ Sn−|µ′|
σtλ((wµ′ , w)) =
{
|Sn−|µ′||σtλ′(wµ′), if |µ
′| = n− k,
0, if |µ′| < n− k,
where λ′ is the partition of n− k obtained by removing the first column of λ.
If |µ2| = n− k, then |µ′| ≤ n− k with equality hold only if µ′ = µ2. Applying (5.4) and part (i)
of the proposition, we have that
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq)
=
(−1)rk(T )+k
|Sn|
|WT1×T2,θ⊗1,ιµ2,µ2 |
|WGι
µ2
(T1 × T2)F |
∑
µ∗
∑
w ∈ Sn
w ∼ [µ2, µ∗]
C[µ2,µ∗],µ2sgn(w)σλ(w)
=
(−1)rk(T )+k
|Sn|
|WT1×T2,θ⊗1,ιµ2,µ2 |
|WGι
µ2
(T1 × T2)F |
·
|Sn| · |Sn−|µ2||
|W|µ2|(Tµ2)F | · |Sn−|µ2||
σtλ′(wµ2)
=
(−1)rk(T )+k
|Sn|
|Wn+1−|µ2|(T1)
F | · |W|µ2|(T2)
F |
|Wn+1−|µ2|(T1)F |
·
|Sn| · |Sn−|µ2||
|W|µ2|(Tµ2)F | · |Sn−|µ2||
σtλ′(wµ2)
=(−1)rk(T )+kσtλ′(wµ2),
which gives (ii). 
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Combining the previous results, we are ready to give the main result of this subsection.
Proposition 5.6. Keep the notations and assumptions in Proposition 5.3. Let λ be a partition of
n into k rows, and λ′ be the partition of n − k obtained by removing the first column of λ. Then
the following hold.
(i) If m < n− k, then
〈R
Un+1
T1×T2,θ⊗1
, RUnλ 〉Un(Fq) = 0.
In particular, in this case if P is an F -stable maximal parabolic subgroup of Un+1 with Levi factor
Gℓ × Um, and τ is an irreducible cuspidal representation of GLℓ(Fq2) which is notrivial if ℓ = 1,
then for any representation π′ of Um(Fq),
〈I
Un+1
P (τ ⊗ π
′), RUnλ 〉Un(Fq) = 0.
(ii) If k = 2ℓ− 1 so that m = n− k, then for an irreducible representation π of Um(Fq),
〈I
Un+1
P (τ ⊗ π
′), πλ〉Un(Fq) =
{
1, if π′ ∼= πλ′ ,
0 otherwise.
Proof. (i) follows from Proposition 5.5. For (ii), if π′ = πν is unipotent with a partition ν of m,
then by Proposition 5.5 (ii) we obtain that
〈I
Un+1
P (τ ⊗ π
′), RUnλ 〉Un(Fq)
=± 〈I
Un+1
P (τ ⊗R
Um
ν ), R
Un
λ 〉Un(Fq)
=±
1
|Sm|
∑
w∈Sm
σν(ww0)〈R
Un+1
T1×Tw,θ⊗1
, RUnλ 〉Un(Fq)
=±
1
|Sm|
∑
µ2
∑
w ∈ Sm
w ∼ µ2
σν(w)〈R
Un+1
T1×Tww0 ,θ⊗1
, RUnλ 〉Un(Fq)
=±
1
|Sm|
∑
µ2
#[wµ2 ]σν(wµ2)〈R
Un+1
T1×Tµ2 ,θ⊗1
, RUnλ 〉Un(Fq)
=±
1
|Sm|
∑
µ2
#[wµ2 ]σν(wµ2)sgn(wµ2)σtλ′(wµ2)
=± 〈σtν , σtλ′〉Sm
=
{
±1, if ν = λ′,
0 otherwise,
where µ2 runs over partitions of m.
Suppose that π′ is not unipotent. Then there is a geometric conjugacy class κ for Um such that
π′ ∈ RGT,θ only if the pair (T, θ) ∈ κ. Since π
′ is not unipotent, there is an integer m′ < m such
that every pair (T, θ) ∈ κ has the form (T, θ) = (T ′1 × T
′
2, θ
′ ⊗ 1) with 1 /∈ (T ′1, θ
′) where T ′1 is an
F -stable maximal torus of Um′ , and T2 is an F -stable maximal torus of Un+1−m′ . Hence for any
pair (T, θ) ∈ κ,
〈R
Un+1
T1×(T ′1×T
′
2),θ⊗(θ
′⊗1)
, RUnλ 〉Un(Fq) = 〈R
Un+1
(T1×T ′1)×T
′
2,(θ⊗θ
′)⊗1
, RUnλ 〉Un(Fq) = 0
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noting that 1 /∈ ((T1 × T
′
1), (θ⊗ θ
′)) and T1 × T
′
1 an F -stable maximal torus of Uk+m′ . Since π
′ is a
linear combination of R
Un+1
T1×(T ′1×T
′
2),θ⊗(θ
′⊗1) for pairs (T
′
1 × T
′
2, θ
′ ⊗ 1) ∈ κ, we obtain that
〈I
Un+1
P (τ ⊗ π
′), πλ〉Un(Fq) = 0.
This finishes the proof of (ii). 
Finally, Theorem 5.1 follows from Proposition 5.2 and Proposition 5.6.
6. Fourier-Jacobi case
We have established the Bessel descents of unipotent representations of finite unitary groups. In
this section we deduce the Fourier-Jacobi case from the Bessel case by the standard arguments of
theta correspondence and see-saw dual pairs, which are used in the proof of local Gan-Gross-Prasad
conjecture (see [GI, Ato]).
6.1. Lusztig correspondence. Let G∗ be the dual group of G. We still denote the Frobenius
endomorphism of G∗ by F , and G∗F the group of rational points. It is known that there is a
bijection between the set of GF -conjugacy classes of (T, θ) and the set of G∗F -conjugacy classes of
(T ∗, s) where T ∗ is a F -stable maximal torus in G∗ and s ∈ T ∗F . If (T, θ) corresponds to (T ∗, s),
then RGT,θ will be also denoted by R
G
T ∗,s. For a semisimple element s ∈ G
∗F , define
E(GF , s) = {χ ∈ E(GF )|〈χ,RGT ∗,s〉 6= 0 for some T
∗ containing s}.
The set E(GF , s) is called a Lusztig series, and it is known that E(GF ) is partitioned into Lusztig
series indexed by the conjugacy classes (s) of semisimple elements s, i.e.,
E(GF ) =
∐
(s)
E(GF , s).
The following result is fundamental for the classification of E(G):
Proposition 6.1 (Lusztig). There is a bijection
Ls : E(G
F , s)→ E(CG∗F (s), 1).
extending by linearity to virtual characters satisfying the condition
Ls(εGR
G
T ∗,s) = εCG∗F (s)R
C
G∗F
(s)
T ∗,1 .
For later use, we prove the following irreducibility result.
Lemma 6.2. Let τ be an irreducible cuspidal representation of Gℓ(Fq), which is not conjugate
self-dual. Then RUnGℓ×Un−2ℓ(τ ⊗ πλ) is irreducible for any unipotent representation πλ of Un−2ℓ(Fq).
Proof. Write τ = ±RGℓT ∗,s for some F -stable minisotrpic maximal torus T of Gℓ and a regular
semisimple element s ∈ T ∗F . Since τ is not conjugate self-dual, s is in fact regular in U2ℓ(Fq).
Then CGℓ(s)
∼= CU2ℓ(s)
∼= T ∗F , and
Ls(τ) = Ls(±R
Gℓ
T ∗,s) = ±R
T
T ∗,1
is the trivial representation of TF . We have
RUnGℓ×Un−2ℓ(τ ⊗ πλ) = ±
1
|Sn−2ℓ|
∑
w∈Sn−2ℓ
σλ(ww0)R
Un
T ∗×T ∗w,θ⊗1
.
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It follows that
L(s,1)(R
Un
Gℓ×Un−2ℓ
(τ ⊗ πλ)) = ±
1
|Sn−2ℓ|
∑
w∈Sn−2ℓ
σλ(ww0)R
Un−2ℓ
T ∗w ,1
⊗R
CU2ℓ(s)
T ∗,1
∼= πλ ⊗ 1,
which is irreducible as a representation of Un−2ℓ(Fq)× TF . Hence I
Un
Gℓ×Un−2ℓ
(τ ⊗ πλ) is irreducible
by Lusztig correspondence. 
6.2. Weil representation and theta lifting. Let ωSp2N be the character of the Weil represen-
tation (cf. [Ger]) of the finite symplectic group Sp2N (Fq), which depends on a nontrivial additive
character ψ of F . Let (G,G′) be a reductive dual pair in Sp2N , and write ωG,G′ for the restriction
of ωSp2N to G
F ×G′F . Then it decomposes into a direct sum
ωG,G′ =
⊕
π,π′
mπ,π′π ⊗ π
′
where π and π′ run over irreducible representations of GF and G′F respectively, and mπ,π′ are
nonnegative integers.. We can rearrange this decomposition as
ωG,G′ =
⊕
π
π ⊗ΘG,G′(π)
where ΘG,G′(π) =
⊕
π′ mπ,π′π
′ is a (not necessarily irreducible) representation of G′F , called the
(big) theta lifting of π from GF to G′F . Write π′ ⊂ ΘG′(π) if π⊗π
′ occurs in ωG,G′ , i.e. mπ,π′ 6= 0.
We remark that even if ΘG,G′(π) =: π
′ is irreducible, one only has
π ⊂ ΘG′,G(π
′),
while the equality does not necessarily hold.
Consider a dual pair of unitary groups (G,G′) = (Un,Un′) in Sp2nn′ . Denote ωG,G′ by ωn,n′ ,
and ΘG,G′ by Θn,n′. In particular, denote by ωn the restriction of ωSp2n to Un(Fq). By [AM,
Theorem 3.5], theta lifting between unitary groups sends unipotent representations to unipotent
representations, and we will recall the explicit correspondence below.
We say that two partitions µ = [µi] and µ
′ = [µ′i] are close if |µi−µ
′
i| ≤ 1 for every i, and that µ
is even if #{i|µi = j} is even for any j > 0, i.e. every part of µ occurs with even multiplicities. Let
µ ∩ µ′ = [µi]{i|µi=µ′i}
be the partition formed by the common parts of µ and µ′. Following [AMR], we say that µ and
µ′ are 2-transverse if they are close and µ ∩ µ′ is even. In particular, if µ and µ′ are close and
µ ∩ µ′ = ∅, then µ and µ′ are 2-transverse, and in this case we say that they are transverse. For
example, let λ = [λ1, . . . , λk] be a partition of n, and let λ∗ = [λ2, . . . , λk] be the partition of n−λ1
obtained by removing the first row of λ. Then tλ and tλ∗ are transverse. Moreover, λ∗ is the unique
partition of n− λ1 such that
tλ and tλ∗ are 2-transverse.
For partitions λ and λ′ of n and n′ respectively, denote the multiplicity of πλ ⊗ πλ′ in ωn,n′ by
mλ,λ′ . By [AMR] Theorem 4.3, Lemma 5.3 and Lemma 5.4, we have
Proposition 6.3. With above notations,
mλ,λ′ =
{
1, if tλ and tλ′ are 2-transverse,
0, otherwise.
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In other words,
Θn,n′(πλ) =
⊕
tλ and tλ′ are 2-transverse
|λ′| = n′
πλ′
In particular, Θn,n′(πλ) = 0 if n
′ < n− λ1.
The next result shows that theta lifting and parabolic induction are compatible.
Proposition 6.4. Let τ be an irreducible cuspidal representation of Gℓ(Fq) which is nontrivial
if ℓ = 1, π be an irreducible representation of Un(Fq), and π′ := Θn,n′(π). For any irreducible
ρ ⊂ R
Un+2ℓ
Gℓ×Un
(τ ⊗ π) and ρ′ ⊂ Θn+2ℓ,n′+2ℓ(ρ), we have
ρ′ ⊂ R
Un′+2ℓ
Gℓ×Un′
(τ ⊗ π′).
In particular, if R
Un+2ℓ
Gℓ×Un
(τ ⊗ π) is irreducible, then
Θn+2ℓ,n′+2ℓ(R
Un+2ℓ
Gℓ×Un
(τ ⊗ π)) = R
Un′+2ℓ
Gℓ×Un′
(τ ⊗ π′).
Proof. Let ∗R
Un+2ℓ
Gℓ×Un
be the Jacquet functor, which is adjoint to the parabolic induction R
Un+2ℓ
Gℓ×Un
.
By [MVW, Chap. 3, IV, th. 5],
(∗R
Un+2ℓ
Gℓ×Un
⊗ 1)(ωn+2ℓ,n′+2ℓ) =
ℓ⊕
i=0
R
Un×Gℓ×Un′+2ℓ
Un×(Gℓ−i×Gi)×Gi×Un′+2(ℓ−i)
(ωn,n′+2(ℓ−i) ⊗ 1Gℓ−i(Fq) ⊗R
Gi),
where RGi is the regular representation of Gi(Fq) = GLi(Fq2). Since τ is cuspidal, τ ⊗ π only
appears in the summand with i = ℓ, and the proposition follows easily. 
6.3. See-saw dual pairs. Recall the general formalism of see-saw dual pairs. Let (G,G′) and
(H,H ′) be two reductive dual pairs in a symplectic group Sp(W ) such that H ⊂ G and G′ ⊂ H ′.
Then there is a see-saw diagram
G
H
H ′
G′
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
and the associated see-saw identity
〈ΘG′,G(πG′), πH〉H = 〈πG′ ,ΘH,H′(πH)〉G′ ,
where πH and πG′ are representations of H and G
′ respectively.
In our case, if we put
G = Un ×Un, G
′ = Un ×U1, H = Un, and H
′ = Un+1,
then the left-hand side of the see-saw identity concerns the basic case of Fourier-Jacobi model
whereas the right-hand side concerns the basic case of Bessel model. In general, we need Proposition
5.2 and the following result.
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Proposition 6.5. Let π be an irreducible unipotent representation of Un(Fq), and π′ be an irre-
ducible representation of Um(Fq) with n > m and m ≡ n mod 2. Let P be an F -stable maximal
parabolic subgroup of Um with Levi factor Gℓ × Um (so that m + 2ℓ = n) and τ be an irreducible
cuspidal representation of Gℓ(Fq) which is nontrivial if ℓ = 1. Then we have
m(π, π′) = 〈π ⊗ ν¯, π′〉H(Fq) = 〈π ⊗ ωn, I
Un
P (τ ⊗ π
′)〉Un(Fq),
where the data (H, ν) is given by (1.6).
Similar to Proposition 5.2, the proof of Proposition 6.5 is an adaptation of that of [GGP1,
Theorem 16.1] to unipotent representations, which will be omitted here. As mentioned in the
Introduction, our formulation of multiplicities differs from that in the Gan-Gross-Prasad conjecture
by taking contragradient of π, but we may take the advantage that unipotent representations are
self-dual.
Proposition 6.6. If π is a unipotent representation of Un(Fq), then π ∼= π∨.
Proof. By Theorem 3.3, it suffices to show that every RUnT,1 is self-dual. By (3.1), for y = su ∈
Un(Fq), we have
RUnT,1(y) =
1
|C0(s)F |
∑
g∈GF ,sg∈TF
Q
C0(s)
gT (u).
It is well-known that C0(s) is a product of general linear groups and unitary groups, hence u and
u−1 are conjugate in C0(s)F , which gives that
Q
C0(s)
gT (u) = Q
C0(s)
gT (u
−1).
It follows that
RUnT,1(y
−1) =
1
|C0(s−1)F |
∑
g∈GF ,(s−1)g∈TF
Q
C0(s−1)
gT (u
−1)
=
1
|C0(s)F |
∑
g∈GF ,sg∈TF
Q
C0(s)
gT (u)
=RUnT,1(y),
which proves that RUnT,1 is self-dual. 
Finally we are ready to prove the Fourier-Jacobi case of Theorem 1.1.
Theorem 6.7. Assume that n > m and n−m is even. Let λ be a partition of n into k rows, and
λ′ be the partition of n − k obtained by removing the first column of λ. Let π′ be an irreducible
representation of Um(Fq). Then the following hold.
(i) If m < n− k, then
m(πλ, π
′) = 0.
(ii) If k is even and m = n− k, then
m(πλ, π
′) =
{
1, if π′ ∼= πλ′ ,
0, otherwise.
Proof. Let τ be an irreducible cuspidal representation of Gℓ(Fq) with ℓ = (n −m)/2, which is not
conjugate self-dual. By Proposition 6.5, we only need to compute
〈πλ ⊗ ωn, I
Un(τ ⊗ π′)〉Un(Fq).
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Here and in the sequel, we drop the subcripts of various F -stable parabolic subgroups from the
induced representations, which should be clear from the context.
(i) Following the proof of Proposition 6.6, write λ = [λ1, . . . , λk] and put λ∗ = [λ2, . . . , λk], so
that we have Θn,n−λ1(πλ) = πλ∗ . Consider the see-saw diagram
Un ×Un
Un
Un−λ1+1
Un−λ1 ×U1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
By Proposition 6.3,
〈πλ ⊗ ωn, I
Un(τ ⊗ π′)〉Un(Fq) ≤ 〈Θn−λ1,n(πλ∗)⊗ ωn, I
Un(τ ⊗ π′)〉Un(Fq).
For any irreducible ρ ⊂ IUn(τ ⊗ π′), by the see-saw identity one has
〈Θn−λ1,n(πλ∗)⊗ ωn, ρ〉Un(Fq) = 〈πλ∗ ,Θn,n−λ1+1(ρ)〉Un−λ1 (Fq)
By Proposition 6.4, for any irreducible ρ′ ⊂ Θn,n−λ1+1(ρ), one has
〈πλ∗ , ρ
′〉Un−λ1 (Fq) ≤ 〈πλ∗ , I
Un−λ1+1(τ ⊗Θm,m−λ1+1(π
′))〉Un−λ1 (Fq)
= m(πλ∗ ,Θm,m−λ1+1(π
′)).
If m < n− k, then by Theorem 5.1 (i) the above multiplicity vanishes, noting that
m− λ1 + 1 < n− λ1 − (k − 1).
(ii) Assume that k is even and m = n − k. If π′ is not unipotent, then Θm,m−λ1+1(π
′) has no
unipotent components, hence by Theorem 5.1 (ii) we have
〈πλ ⊗ ωn, I
Un(τ ⊗ π′)〉Un(Fq) ≤ m(πλ∗ ,Θm,m−λ1+1(π
′)) = 0.
Assume that π′ = πµ is unipotent, where µ is a partition of m. Let µ1 be the largest part of µ,
and take an arbitrary µ0 ≥ max{λ1, µ1}. Put µ
∗ = [µ0, µ]. Then Θm+µ0,m(πµ∗) = πµ. Consider
the see-saw diagram
Un ×Un
Un
Un+µ0+1
Un+µ0 ×U1
✟
✟
✟
✟
✟
✟
✟
✟
✟✟
❍
❍
❍
❍
❍
❍
❍
❍
❍❍
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Note that by Lemma 6.2, IUn(τ ⊗ πµ) is irreducible. Similar to the proof of (i), one has
〈πλ ⊗ ωn, I
Un(τ ⊗ πµ)〉Un(Fq)
=〈πλ, I
Un(τ ⊗ πµ)⊗ ωn〉Un(Fq)
=〈πλ,Θn+µ0,n(I
Un+µ0 (τ ⊗ πµ∗))⊗ ωn〉Un(Fq)
=〈Θn,n+µ0+1(πλ), I
Un+µ0 (τ ⊗ πµ∗))〉Un+µ0 (Fq)
=m(Θn,n+µ0+1(πλ), πµ∗).
By Proposition 6.3,
Θn,n+µ0+1(πλ) =
⊕
tλ and tλ˜ are 2-transverse
|λ˜| = n+ µ0 + 1
πλ˜.
Thus
m(Θn,n+µ0+1(πλ), πµ∗) =
∑
tλ and tλ˜ are 2-transverse
|λ˜| = n+ µ0 + 1
m(πλ˜, πµ∗).
If tλ and tλ˜ are 2-transverse, then λ˜ has at most k+1 parts. Since m+µ0 = (n+µ0+1)− (k+1),
applying Theorem 5.1 gives that
(6.1) m(πλ˜, πµ∗) =
{
1, if µ∗ = λ˜′,
0, otherwise,
where λ˜′ is the partition of n + µ0 + 1 obtained by removing the first column of λ˜. Note that if
m(πλ˜, πµ∗) 6= 0 then necessarily λ˜ has k + 1 parts. Clearly
λ∗ := t[k + 1, tµ∗]
is the unique partition λ˜ of n+µ0+1 satisfying that λ˜
′ = µ∗, if such partition exists at all. Namely,
λ∗ is obtained by adding a column of k+1 squares to the left of µ∗. Thus we may rephrase (6.1) as
m(πλ˜, πµ∗) =
{
1, if λ˜ = λ∗,
0, otherwise.
Noting that the first row of λ∗ has µ0 + 1 squares, i.e. λ
∗ has µ0 + 1 columns, it is not hard to see
that if tλ and tλ∗ are 2-transverse, then necessarily
λ∗ = [µ0 + 1, λ],
which together with (λ∗)′ = µ∗ imply that λ′ = µ. In summary, we conclude that
m(πλ, πµ) = m(Θn,n+µ0+1(πλ), πµ∗) =
{
1, if µ = λ′,
0, otherwise,
which finishes the proof of (ii). 
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